Assume that Q is a positive continuous function in R N and satisfies some suitable conditions. We prove that the quasilinear elliptic equation −Δ p u |u| p−2 u Q z |u| q−2 u in R N admits at least two solutions in R N one is a positive ground-state solution and the other is a sign-changing solution .
Introduction
For N ≥ 3, 2 ≤ p < N, and p < q < p * Np/ N − p , we consider the quasilinear elliptic equations 
Preliminaries
We define the Palais-Smale denoted by PS sequences and PS -conditions in W 1,p R N for J as follows. 
2.1
It follows that {u n } is bounded in
where
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2.7
Thus, h u s
where c is independent of u.
Proof. For each u ∈ M R
N , by the Sobolev inequality, we obtain that
This implies that u 1,p ≥ c
Thus, λ 0 and 
Thus, there exists a sequence
Hence, θ n → 0 as n → ∞. This implies that
Remark 2.8. The above definitions and lemmas also hold for
Existence of a Ground-State Solution
Using the arguments by Lions 1, 2 , Benci and Cerami 3 , Struwe 7 , and Alves 8 , we have the following decomposition lemma.
Lemma 3.1 Palais-Smale Decomposition Lemma for J . Assume that Q is a positive continuous function in R
N and lim |z| → ∞ Q z Q ∞ > 0. Let {u n } be a PS β -sequence in W 1,p R N for J. Then there are a subsequence {u n }, a positive integer l, sequences {z i n } ∞ n 1 in R N , functions u in W 1,p R N , and w i / 0 in W 1,p R N for 1 ≤ i ≤ l such that z i n −→ ∞ for 1 ≤ i ≤ l, −Δ p u |u| p−2 u Q z |u| q−2 u in R N , −Δ p w i w i p−2 w i Q ∞ w i q−2 w i in R N , u n u l i 1 w i · − z i n o n 1 strongly in W 1,p R N , J u n J u l i 1 J ∞ w i o n 1 .
3.1
In addition, if u n ≥ 0, then u ≥ 0 and
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Then there exist a subsequence {u n } and a nonzero 
R N for some 0 < γ 0 < 1 and lim |z| → ∞ w z 0;
ii for any ε > 0, there exist positive numbers C 1 and C 2 such that
Existence of a Nodal Solution
In this section, assume that Q is a positive continuous function in R N and satisfies Q1 . In order to prove Lemma 4.8, Q also satisfies the following condition Q2 : there exist some constants C > 0 and 0 < δ < θ
4.1
We define 
International Journal of Differential Equations
Proof. i Since u and u − are nonzero and nonnegative, by Lemma 2.4 i , it is easy to obtain the result.
ii For each u ∈ N, by Lemma 2.4 i , there exists s
By Lemma 2.5, we have
≥ c for some c > 0 and each u ∈ N.
4.4
Hence, u
Consider these minimization problem
Lemma 4.2. There exists a sequence {u
Proof. It is similar to the proof of Zhu 13 . 
4.6
Then there exists u * ∈ M 0 such that u n converges to u * strongly in W 1,p R N and u * is a higherenergy solution of
Proof. By the definition of the PS γ R N -sequence in W 1,p R N for J, it is easy to see that {u n } is a bounded sequence in W 1,p R N and satisfies 
By the Sobolev continuous embedding inequality, we obtain
Since w 1 > 0, by Lemma 4.3, then
which is a contradiction. Recall that w is the positive ground-state solution of 1.2 in R N . For any ε > 0, there exist positive numbers C 1 and C 2 such that 
4.18
Since −σ|z − z| σ|z| σ z, z /|z| o 1 as |z| → ∞, then the lemma follows from the Lebesgue-dominated convergence theorem.
Lemma 4.7.
For all x, y ∈ R N , one has the following inequality:
Proof. See Yang 16, Lemma 4.2. . Proof. By Lemmas 4.2, 4.4, 4.5, and 4.8 and Theorem 3.4, we obtain the proof.
Lemma 4.8. There exists an n
* 0 ∈ N such that for n ≥ n * 0 ≥ n 0 γ R N ≤ sup 1/p≤t * 1 ,t * 2 ≤p J t * 1 u 0 − t * 2 w n < α R N α ∞ R N ,4.
